We present here a scheme that relates seemingly two different kinds of physical impossibilities of quantum information processing. We derive, exact flipping of three arbitrary states not lying in one great circle is not possible with certainty, by using the existence of incomparable states which are not interconvertible deterministically by local operations and classical communications. In contrast, considering the non-existence of exact universal flipper, the incomparability of a pair of bipartite pure entangled states can be established. PACS number(s): 03.67.Hk, 03.65.Ud.
The linear superposition principle of quantum mechanical amplitudes give it such a strange structure that some operations which are obvious in classical domain are found to be impossible in the quantum arena. Some well known impossibilities are, no-cloning [1] , no-deleting [2] , no-flipping [3] , etc., [4] . Efforts are made to find inter-relations between those impossibilities and the basic dynamics of quantum mechanics. For example, the no-cloning principle directly follows from the linearity and unitary dynamics of the quantum mechanical systems [5] . In spite of the non-local character of quantum mechanics [6] , it cannot be used to send signals faster than light. We find a peaceful coexistence between no-signalling condition and the no-go principles, like, no-cloning, no-deleting, probabilistic cloning, no-flipping, etc., [7, 8] .
The structure of the allowed operations performed on the quantum systems shared between some spatially separated parties imposes some restrictions on the systems. Allowing local operations along with classical communications (in short, LOCC) between separated parties, one could find some impossibilities, like the principle of 'Non-increase of entanglement by LOCC'. This has been connected with no-cloning, no-deleting [9] and further with the no-flipping principle [8] . In a quite similar manner we could find another impossibility from the transformation of pure bipartite entangled states which we may frame as 'Incomparable states can not be deterministically transformed into one another by LOCC performed on the subsystems' [10, 11] . The peculiarity of the existence of incomparable states is that it doesn't care about the amount of entanglement contained in the states. Though one of the two states has a greater entanglement content than the other, but the transformation can not be happen by deterministic LOCC for a pair of incomparable states. The existence of such class of states itself shows a peculiar feature of LOCC which can be studied to explore other areas of restrictions on the physical systems. Here we explore its connection with an impossible operation of quantum system.
Non-existence of universal exact flipping machine is a kind of constraint on the quantum systems that has been directly observed from unitary dynamics of the quantum evolution [3] . One could verify that the universal exact flipper, which if operated on an arbitrary state, will reverse the spin polarization direction, is not unitary but an anti-unitary operation and thus it is not a physical operation. No-flipping principle says that exact flipping of an unknown qubit state, is not possible. Like no-cloning, no-deleting principles, it is also a fundamental restriction to the allowable operations on a quantum system though this is an impossibility acting only on a single quantum system whereas we require at least two subsystems to describe nocloning, no-deleting principles. One interesting observation is found by Gisin and Popescu [3] and also by Massar [13] that the two-anti parallel-spin state | − → n , − → −n contains more information than two-parallel-spin state | − → n , − → n . It is conjectured that the origin of this feature is the property that the anti parallel spin states span the whole four dimensional Hilbert space of two spin 1 2 system, while the parallel spin 1 2 system spans only a three dimensional subspace of the symmetric states. Then the optimal flipping machine is proposed by Buzek et.al. [12] . The no-flipping principle has a completely different status from that of no-cloning, no-deleting principles as unlike those cases, there always exist a quantum machine which can act as an exact flip-per for any two non-orthogonal qubit states. Not only that, the largest set of states that can be flipped by a single flipper machine is any great circle of the Bloch sphere [14] . It is also found that any three states of the Bloch sphere, not lying in one great circle can not be flipped by a single quantum machine. This no-flipping principle has already shown to be a consequence of no-signalling and non increase of entanglement by local operations [8] .
Here we present a scheme that relates the impossibility of exact flipping of arbitrary qubit states with a seemingly different kind of impossibility of inter conversion of incomparable states by deterministic LOCC assuming the usual quantum mechanical formalism. We first show the impossibility of exact flipping for the three Bloch vectors along x, y, z, through incomparability. Then we show that by assuming the inter conversion of two incomparable states by deterministic LOCC one can generate a flipping machine for the whole Bloch sphere that reverses the directions of every Bloch vectors. Lastly we consider the first problem, the impossibility of universal exact flipping machine for any three qubits not lying on a great circle via incomparability. Now before going to describe our results, we first briefly mention incomparability criterion of a pair of pure bipartite entangled states.
The notion of incomparability of a pair of bipartite pure states is prescribed by M. A. Nielsen [10] . Suppose we want to convert the pure bipartite state |Ψ to |Φ shared between two parties, say, Alice and Bob by deterministic LOCC. Consider |Ψ , |Φ in the Schmidt bases {|i A , |i B } with decreasing order of Schmidt coefficients:
. Then Nielsen's criterion says |Ψ → |Φ is possible with certainty under LOCC if and only if λ Ψ is majorized by λ Φ , denoted by λ Ψ ≺ λ Φ and described as,
As a consequence of non-increase of entanglement by LOCC, if |Ψ → |Φ is possible under LOCC with certainty, then E(|Ψ ) ≥ E(|Φ ) [where E(·) denote the von-Neumann entropy of the reduced density operator of any subsystem and known as the entropy of entanglement]. If the above criterion (1) does not hold, then it is usually denoted by |Ψ → |Φ . Though it may happen that |Φ → |Ψ under LOCC. Now if it happens that |Ψ → |Φ and |Φ → |Ψ then we denote it as |Ψ ↔ |Φ and describe (|Ψ , |Φ ) as a pair of incomparable states. One of the interesting feature of such incomparable pairs is that we are unable to say that which state has a greater amount of entanglement content than the other. Also for 2 × 2 systems there are no pair of pure entangled states which are incomparable as described above. Now we explicitly mention the criterion of incomparability for a pair of pure entangled states |Ψ , |Φ of m × n system where min{m, n} = 3. Suppose the Schmidt vectors corresponding to the two states are (a 1 , a 2 , a 3 ) and (
Then it follows from Nielsen's criterion that |Ψ , |Φ are incomparable if and only if either of the two relations,
hold. At first to sense the idea of our work, consider three states representing the three axis of the Bloch sphere in the usual basis, as
, |ψ z = |0 . We choose the particular setting of a pure bipartite state in the form
This is a three particle state, shared between two space-like separated parties Alice and Bob, so that Alice has a qutrit and Bob has two qubits, i.e., as a bipartite state it belongs to a 3 × 4 system. The reduced density matrix of Bob's subsystem admits a representation in terms of the three states |ψ x , |ψ y , |ψ z . The Schmidt vector corresponding to the reduced system on Alice's side isλ i = ( ) . If the existence of exact flipping machine for the three states |ψ x , |ψ y , |ψ z is possible, then by applying this machine to one of the two particles on Bob's side, the joint state between them can be exactly transformed to the state
where χ, η are some arbitrary phases. The final reduced density matrix on Alice's side has the Schmidt vector λ f = (
). From equation (2) it is easy to check that |Ψ i AB , |Ψ f AB is a pair of incomparable states. Hence by Nielsen's criterion it is impossible to locally transform |Ψ i AB to |Ψ f AB with certainty. In this example we see that the impossibility of an operation in quantum mechanics can be established from the contradiction that it forces two incomparable states to become comparable by LOCC with certainty.
The result shows, how a local anti-unitary operation evolves the system in an unphysical way. To explore this unphysical nature of anti-linear operators, we search for a joint system between some separated parties, as on a single system it is really difficult to distinguish unitary and anti-unitary operators. Here we observe that applying an anti-unitary operator (say, L) locally on a joint system of 3 ×(2 ×2) dimension, i.e., applying the operator I A ⊗(I ⊗L) B on the joint system, there arises a case of incomparability. The bi-partite entanglement of the joint system changes and it changes in such a manner that there is no way to compare the initial and final joint states locally. Now one can ask whether the converse is also to be happen or not, i.e., is it possible to generate an exact flipping machine by assuming inter conversion of at least a pair of incomparable states by deterministic LOCC? Our next example is going to explore it where by exact flipping we mean a machine that can reverse the direction of any Bloch vector. This machine usually generalizes the notion of flipping from any pure qubit to any state on the whole Bloch sphere.
Consider a pair of pure entangled states, shared between Alice and Bob situated in two distant places, in the form
The [I + − → n ψ · − → σ ] and |ψ is orthogonal to |ψ . Now tracing out Alice's system and the second qubit of Bob's side (i.e., system B 2 ), we get one qubit reduced subsystem of Bob corresponding to the two joint systems in (5) as,
If by any local operation it is possible to transform the joint state between Alice and Bob from |Ψ to |Φ , then the reduced state of one qubit subsystem on Bob's side will be changed accordingly from ρ Ψ to ρ Φ exactly, by LOCC. It is clear that the spin direction − → n ψ of the arbitrary qubit state |ψ is reversed after the operation, i.e., transformed to − − → n ψ . So, if we extend the LOCC transformation criterion so that the states |Ψ , |Φ are interconvertible by some operation then consequently on a subsystem, the spin-polarization of an arbitrary qubit state is being reversed. This is quite similar of preparing an arbitrary spin flipper machine and is an alternative way of establishing the incomparable nature of the pair of states in equation (5). This two examples in contrast of each other show, how an impossible local operation is connected with the restrictions imposed on state transformation by LOCC. The root of this connection is the anti-unitary nature of the exact universal spin-flipping operation. In the case of state transformation criterion, the allowed local operations on each parties are such that as a whole it can be implemented by an unitary evolution and if we restrict further individual local operations as unitary then bipartite entanglement cannot be changed under such local unitary operations. We, however consider a local operation which is anti-unitary and it is observed that anti-unitary operator acts in a nonphysical way. The above two examples show that it is not possible to extend the class of physical operations so as to incorporate anti-unitary operations [15] .
To generalize the main result corresponding to the first example, we consider three arbitrary states not lying in one great circle in their simplest form, 
where Alice has a 3-dimensional orthogonal local system, having the basis, {|0 , |1 , |2 } and Bob has a two qubit system. The reduced density matrix of Alice's side is
Consider that Bob has another system which acts as a exact flipping machine defined on these three states |0 , |ψ , |φ . The flipping operation can be described as
where |ψ , |φ are the states orthogonal to |ψ , |φ respectively and µ and ν are some arbitrary phases. Now assume that Bob applies the flipping machine on any one of his two particles (say, on the second particle). After this local operation on Bob's subsystem, the shared state between Alice and Bob takes the form,
The final density matrix of Alice's side is
The eigenvalue equation on the initial local density matrix ρ i A is,
and that of the final local density matrix ρ f A is,
where A = (12) 
− θ i )} and the roots of the equation (13) are Here
). We find four subcases corresponding to the different regions of θ i , θ f . Firstly we consider the case when 3θ
, which imply
. Then α 2 , β 2 will lie on the region,
(1 − √ 3A). Proceeding in this way, we find
(1 + √ 3A) and In a similar manner we investigated the other regions (for cases B ′ > 0 and B ′ < 0) which also show incomparability between the two bipartite states (See Appendix).
Equations (12) and (13) will be identical (and hence the Schmidt vectors of ρ i A and ρ f A ) when B = B ′ , which imply abcd sin θ = 0, i.e., the three states |0 , |ψ , |φ , on which the flipping machine is defined, will lie on one great circle of the Bloch sphere. This is clear from the fact that there exists exact flipping machine for the set of states taken from one great circle [8, 14] .
Thus, if the exact flipping machine does exist, and is applied locally on one subsystem of the initial pure bipartite state, then an impossible transformation is shown to occur. Obviously this impossibility comes through our assumption on the existence of universal exact flipping machine. It is interesting to observe that the arbitrary phase factor of the flipping operation we have considered, does not make a difference in the result obtained.
This work shows an interplay between the notion of incomparability and no-flipping principle. It indicates no-flipping can be used to determine the interrelations between LOCC and entanglement behavior of the quantum system. We observe, the incomparability criterion of local state transformations is also capable of revealing some more fundamental properties of the quantum systems. It can detect operations which are nonphysical in nature such as, here it is anti-unitary. Naturally one could conjecture that the two impossibilities are equivalent, as they both require anti-unitary operators. Our results support this conjecture. It also exhibit the impossibility of extending LOCC operations to incorporate anti-unitary operators which can create an increase of information content of the system, as anti-parallel spin states contain more information than that of the parallel ones.
